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Abstract

Bin smoothers, or regressograms, are piecewise constant regression function
estimators whose values are averages of the response variable over the sets
of a partition of the space of the explanatory variables. First we review results
about bin smoothers whose partition is regular, giving conditions for consis-
tency and for achieving the optimal rate of convergence. Second we review
representative results about bin smoothers whose partition is irregular, again
giving conditions for consistency and for achieving the optimal rate of conver-
gence. Third we give an exposition of recursive partitioning, main examples
being greedy partitions and the CART methodology.

Bin Smoothing and Regressograms

Bin smoothers might be the simplest nonparametric estimators of a regression
function. A bin smoother is a piecewise constant regression function estima-
tor. The X-observation space is covered by disjoint bins and the value of a
bin smoother in a bin is the average of the Y-values for the X-values inside
that bin. The bins are typically rectangles but they can also be hexagons, for
example. Bin smoothers are also called “regressograms”. The name “regres-
sogram” was coined by Tukey [1961]. The name is related to “histogram”, which
denotes a piecewise constant estimator of a density function, analogous to a
regressogram. Below we use the term regressogram.

We define a regression function f : R? — R as the conditional expectation
f(z) = E(Y| X = x), where Y € R is the response variable and X € R% is
the vector of explanatory variables. The regression function is estimated us-
ing data (X1,Y3),...,(X,,Ys), which is a sequence of identically distributed
random vectors, each vector having the same distribution as (X,Y’). Regres-
sograms can also be applied in the case of a fixed design regression, where
the regression function is the function f : R? — R in the model Y; = f(X;) +¢;,



where ¢; € R are identically distributed error terms with E¢; = 0 and X; € R
are fixed design points fori =1,...,n.

A regressogram is completely determined by defining a partition of the X-
space. We discuss only partitions made of rectangles. We distinguish be-
tween regular and irregular partitions. In the one dimensional case a regular
partition is a collection of intervals of length h and an irregular partition is a
collection of intervals of differing lengths. In the multivariate case we can dis-
tinguish between isotropic and anisotropic regular partitions. An isotropic reg-
ular partition is a partition where all rectangles have the same side lengths &
and thus the partition is a collection of cubes of volume h¢ (cubic partition). An
anisotropic regular partition is a partition where the side lengths of the rectan-
gles are the same in one direction but differ across dimensions, having side
lengths hq, ..., hg and volumes h; - - - hy. In the multivariate case an irregular
partition consists of rectangles, where each rectangle can have a different vol-
ume and shape. Figure 1 shows two irregular partitions. Panel (a) shows a
dyadic partition (a partition that is obtained by midpoint splits) and panel (b)
shows a partition that is obtained by allowing splits on a finer grid (a partition
that is obtained with CART methodology).
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Figure 1: Irregular partitions; (a) a dyadic partition and (b) a CART partition.

Regular partitions depend on the data through the smoothing parameter h, or in
the anisotropic case through smoothing parameters h, ..., hq. The smoothing
parameters can be chosen by cross validation or a plug-in method, for example.
Irregular partitions depend more heavily on the data, because the shapes and
volumes of the sets of the partition are chosen using data. We discuss cases
where the partitions are chosen using penalized empirical risk minimization.

We start the article with the definition of a regressogram. After that, we give
consistency and rate of convergence results for regular partitions, following
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Stone [1977] and Gyorfi et al. [2002]. Next, results concerning irregular par-
titions are given. Consistency results are taken from Nobel [1996] and Gyorfi
et al. [2002]. Rate of convergence results for irregular partitions are taken in the
one dimensional case from Mammen and van de Geer [1997] and in the two
dimensional case from Donoho [1997]. Finally, recursive partitioning schemes
are discussed: a greedy partitioning is explained and CART approach to parti-
tion generation is introduced following Breiman et al. [1984].

Definition of a Regressogram

A regressogram, based on data (X1,Y1),...,(X,,Y,), is determined by a collection
Ay, ..., Ay C R? of sets such that they are disjoint and their union covers the ob-
served explanatory variables:

1. AiﬂAj:(Z),wheni;éj,

2. {X1,...,X,} CUN, A,

Now the regressogram is defined as
fulz) = YA]., ifze A,

where YAj is the average of those response variables whose corresponding explanatory
variable is in A;. We can write, using the notation [4(z) = 1ifx € Aand I4(z) =0
ife ¢ A,

1 n
— > Yila(Xy), (1)
na

=1

V=
where n 4 is the number of explanatory variables inside A:
na =Y Ia(Xy).
i=1

We can write the definition of a regressogram compactly by

N

fo(z, P) = Z?AJIAJ' (), r e R (2)

j=1

where we have also made the dependence of the regressogram on the partition P =
{A1,..., An} explicit. Changing the order of summation in (2) we get

N 1 n n

fn(x) = — Yila,(Xi) | 1a;(z) = ) pi(2) Y,
();%; (Xi) ();()



where

Zni Ia,(z) = LIAm(Xi), 3)

TLAI

and A, € {A;,..., Ax} is such that z € A,.! Thus the regressogram belongs to the
class of local averaging estimators, that have the form

() = Zpi(w) Y

where p;(z) = p;(z,X1,...,X,) > 0and >, pi(x) = 1. The weights p;(z) of
a local averaging estimator should be such that the weight p;(z) is large when X; is
close to x and the weight p;(x) is small when Xj; is far away from x.

Regular Partitions

In the one dimensional a regular partition is a collection of intervals of length h. In
the multivariate case a regular partition is a collection of cubes of volume A (isotropic
case) or a rectangle partition with side lengths hy,...,hg (anisotropic case). First
we give conditions for consistency and then conditions that guarantee that the rate of
convergence is optimal.

Consistency

We present a consistency theorem which implies that a sufficient condition for the weak
universal consistency of a regressogram is

lim h, =0, lim nhd 00,
n—r00 n— o0
when the regressogram has a cubic partition with the side lengths h,, for the cubes. A
sequence of regression function estimates { f,, } is called weakly consistent for a certain
distribution of (X, Y") with regression function f : RY — R, if

. 2
ti £ [ (£u(0) ~ (@) (o) =0,
n—roo

where y is the distribution of X. A sequence of regression function estimates { f,, }
is called weakly universally consistent if it is weakly consistent for all distributions of
(X,Y) with EY? < 0.

The following theorem was proved in Gyorfi et al. [2002, Th. 4.2, p. 60] as a corollary
of the consistency theorem of Stone [1977]. The theorem gives sufficient conditions for
the weak universal consistency of regressograms. The first condition is a bias condition,

By symmetry we can as well write p; (z) = Tax, (x)/nAXi .
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and it requires that the bins of the underlying partition shrink to zero inside a bounded
set, so the estimate is local. The second condition is a variance condition, and it requires
that the number of bins inside a bounded set is small with respect to the sample size n,
which implies that with a large probability each cell contains many data points.

The theorem considers a sequence of partitions indexed with the sample size, and for
sample size n we denote the sets of the partition by A,, 1, Ay 2, ...

Theorem 1 Let (X1,Y1),...,(X,,Y,) be independent and identically distributed. If
for each sphere S centered at the origin

lim max diam(4, ;) =0
n—00 j: A, ;NS#D ’

and

o I A NS} A0}

n—00 n

0,

then the regressogram is weakly universally consistent.>

The consistency theorem gives a mathematical interpretation to the phenomenon that
choosing a too small bin width for the regressogram leads to an estimate with small
bias but large variance (small bins do not contain enough observations) and a too large
bin width leads to an estimate with small variance but large bias (large bins do not
allow an accurate reproduction of the regression function).

Rates of Convergence

It can be proved that a regressogram is not only consistent estimator but that its mean
integrated squared error converges to zero with a fast rate, uniformly over a certain col-
lection of distributions of (X, Y"). Let us denote with D the collection of distributions
of (X,Y) such that

1. For a constant 02,
Var(Y | X = z) < o2, z € RY,
2. the regression function f(x) = E(Y | X = x) is Lipschitz continuous: for a
constant C',
[f(@) = f(2) < Cllw =2, w,z€R,

3. X has compact support S C R%.

The following theorem is proved in Gyo6rfi et al. [2002, Th. 4.3, p. 64].

2We denote with diam(A) = sup{|lz — y|| : ¢,y € A} the diameter of set A C R?, where || - || is the
Euclidean distance, and with #1I we denote the cardinality of a finite set 1.



Theorem 2 Let (X1,Y1),...,(X,,Y,) be independent and identically distributed.
Let fy, be a regressogram with a cubic partition with side length

1/(d+2)
h, =C' <02 + SUPESS |f(17)|2> C2d/(d+2)n72/(d+2),

where C' is a positive constant depending on d and on the diameter of S. Then,

. 2
lim supn? 42 sup E/ (fn(x) - f(x)) pu(dx) < oo,
n—00 (X,Y)eD

where 1 is the distribution of X.

The previous theorem shows that a regressogram can achieve the rate of convergence
O(n_2/ (d+2) ), for Lipschitz continuous functions and for the L5 error. It can be proved
that this rate is fastest possible for this class of distributions, see Gyorfi et al. [2002, Th.
3.2, p. 38] for a lower bound that shows that rate O(n~2/(?+2)) cannot be improved
for Lipschitz continuous functions. However, it can be shown that smoother regression
functions, for example regression functions with s continuous derivatives can be esti-
mated with rate O(n_QS/ (25+d)) for the Lo error. The estimators achieving this faster
rate can be chosen as piecewise polynomials of order s — 1 or as kernel estimators with
a kernel of order s. Thus regressogram is optimal only for s = 1.

Irregular Partitions

We define an irregular partition to be a partition that consists of sets (rectangles) that
have different shapes and volumes at different parts of the X-space. First we give a
general consistency result for the regressograms with an irregular partition, then we
give results about rates of convergence separately for one- and two-dimensional cases.
Finally, we give an introduction to recursive partitioning and, in particular, to the CART
methodology.

Consistency

Let I be a family of partitions of R?. Define the partition number
A, (1) = max {A(z], 1) : 21, ..., 2, € Rd} ,

where A(z7,1I) is the number of distinct partitions of 7 = {zy,...,2,} C R?
induced by elements of II, i.e., the number of different partitions {x7 N A : A € P} of
a2t for P € II. Let

M (1) = max{#P : P € II}

be the maximal number of sets contained in a partition P € II.



A method to choose a data-dependent partition is a mapping P, that assigns to obser-
vation (z1,¥1), ..., (Zn,yn) € R% x R a partition of R%. This mapping induces the
family

II,, = {Pn((xlayl)v sy (xnvyn)) : ($1,y1)7 sy (xnvyn) € Rd X R}

of data-dependent partitions. Thus for a given observation we obtain a partition P,, €
I1,,, and from this partition we obtain the regressogram f;,.

The following theorem was proved in Gyorfi et al. [2002, Th. 13.1, p. 237] extending
the results of Nobel [1996]. In contrast to Theorem 1, which considered weak consis-
tency, Theorem 3 considers strong consistency.

Theorem 3 Let (X1,Y1),...,(Xn,Ys) be independent and identically distributed.
Let 11, be a family of data-dependent partitions and let f, be the corresponding re-
gressograms. Let f, be a truncated regressogram, defined by

Fulx) = { Snl2) if | fu(2)] < Ba,

By - sign(fn(x)), otherwise

where 3, > 0. Assume that lim,,_, . 3, — 00, lim,_ .o ﬁ;‘l/nl_‘S = 0 for some

d>0, .
i M) By log B _ )
n—r00 n
4
and
lim inf p({x: diam(A,(z) N S) >~}) =0 (6)

n—00 §:SCRA,u(S)>1—5

almost surely for all v > 0, 6 € (0,1), where y is the distribution of X and Ay (x) is
the bin A € Py, of the partition which contains x. Then,

lim [ (fa(@) = f(@))" p(dz) = 0

n—r00

almost surely.

Conditions (4) and (5) require that the set of partitions from which the data-dependent
partition is chosen is not too complex, i.e., the maximal number of bins in a parti-
tion and the logarithm of the partition number are small compared to the sample size.
Condition (6) requires that the diameters of the bins of the data-dependent partition
converge in a certain sense to zero.



Rates of Convergence
Univariate Partitions through Total Variation Penalties

Mammen and van de Geer [1997] define a class of penalized least squares estimators
that contain as a special case piecewise constant estimators that are very close to re-
gressograms. Let

Y = fa;) + e, 1=1,...,n, @)

where 0 < 27 < .-+ < x, < 1 are nonrandom and ¢; are independent, identically
distributed, and have mean zero. Define the estimator f,, : [0, 1] — R as the minimizer
of

SO = @)’ + o TV(),

i=1
where o > 0 and TV (f) is the total variation metric defined by

TV(f) =supd_[f(t41) = [(L5)],

where the supremum is over all p > 2 and all points 0 < #; < ... < ¢, < 1.
In particular, for a piecewise constant right continuous function f with jump points
O0<ti <...<t, <L TV(f)= Zf;ll |f(tj+1) — f(t;)|- Also, for differentiable f,

TV(f) = f, If' ()] dz.

Mammen and van de Geer [1997, Prop. 8] show that the estimator fn is almost a
regressogram with the partition A; = [¢;,¢11), 7 = 1,...,p — 1, where the jump
points 0 < ¢ < --- < t, < 1 of the estimate are among the design points xa, ..., ZTp.
More precisely, it holds that

f(z):YAj, forx € Aj,

where 17,4], is defined in (1), unless f(tj) is a local maximum, local minimum, mini-
mum at the boundary, or maximum at the boundary. At local maxima the local average
is moved downwards and at local minima the local average is moved upwards. For o
large enough, at monotone pieces of f the estimate f behaves like an isotonic least
squares estimate.® The partition can be calculated with an iterative algorithm based
on stepwise addition and deletion of the endpoints of the intervals. For a given « the
algorithm takes O(nlog(n)) steps and the estimate can be calculated for all o with
O(n?) steps. Mammen and van de Geer [1997] consider also more generally the total
variation metric of the kth derivative of the regression function as the penalty, and this
leads to an estimate which is a spline of order £ — 1.

The estimator achieves optimal rates of convergence in bounded variation function
classes Fo = {f : TV(f) < C}, 0 < C < . The following theorem follows from
Mammen and van de Geer [1997, Th. 10].

3The isotonic least squares estimate is the nonparametric least squares estimator under the monotonicity
restriction for the regression function.



Theorem 4 Assuming the model (7), if f € F¢, then
L~ (7 N —2/3
2 2 (Ao = fl) =0y (n727).

The rate O(n~2/3) is the minimax rate for the averaged squared error, because classes
Fe are larger than the Sobolev classes {f : fol(f’)Q < ('}, and the minimax rate of
convergence has been proved to be O(n*2/ 3) for the Sobolev classes, see Ibragimov
and Hasminskii [1980], Stone [1982], and Nemirovskii et al. [1985]. In the total varia-
tion classes linear estimates (regressograms with a regular partition) do not achieve the
optimal rate. To achieve the optimal rate the smoothing must be locally adaptive (the
interval lengths of the regressogram have to change).

Dyadic CART

Dyadic CART was introduced in Donoho [1997], where the two-dimensional case d =
2, for the fixed equidistant design, and for the Gaussian errors is considered. Let f :
[0,1]2 - R and

Y; = (i) + oe, ®)

where i = (i1,142) are fixed equispaced design points, i1,i2 = 0,...,m — 1, m is
dyadic (an integral power of 2), f(i) is the cell average over the cell C;: f(i) =
Je, f/volume(C;), with C; = [i1/m, (i1 +1)/m) x [i2/m, (i2+1)/m). Furthermore,
¢; are independent and identically distributed Gaussian random variables with mean

zero and unit variance, and o > 0. The number of observations is n = m?.

Dyadic CART can be defined in two steps.

1. Let P* be the largest possible dyadic partition. A dyadic partition is a partition
that is obtained by midpoint splits of [0, 1]2. When the side length of a rectangle
is m ™!, then this side is not allowed to be split. Thus the largest dyadic partition

consists of the rectangles with volume m 2.

2. Let P, be the partition of [0, 1] that minimizes

m

> (Vi fw?) a-#P

i1,02=1

among all dyadic subpartitions of P*, where z; is the midpoint of cell Cj,
f(+,P) is the regressogram with partition P, « > 0 and #7P is the cardinal-
ity of partition P. Define the dyadic CART estimator by

fn(w) = fn(wapa)'



Donoho [1997] proposes an algorithm with O(n) steps for the calculation of the opti-
mal partition, where n = m? is the number of observations.

The dyadic CART estimator has the optimal convergence rate in anisotropic Nikol-
skii smoothness classes. For functions f : [0,1]> — R, define the finite difference
operators

Let0 < 61,02 < 1,0 < C < 00, and let p be such that 1/p < p + 1/2, where

6
P10,

Let the Nikolskii class of functions f : [0, 1] — R with mixed smoothness (anisotropic
class) be

For2(C) =< f:|fll, < C, sup B Dffllpoiory < C, k=1,24,
he(0,1) h

where Q}, = [0,1—h)x [0, 1]and Q7 = [0, 1] x [0, 1 —h).* These classes are discussed
in Nikol’skii [1969] and Temlyakov [1993].

Theorem 5 Assume model (8) and let o < o® log, n.> Then,

a%logn

3

A ; i (f”(xi) - f(ﬂﬂz'))Q < < >2p/(2p+1)

feFizey S K

where C' is a positive constant.

Cross validation is not needed for the choice of the smoothing parameter «, since a
choice for o given in Theorem 5 gives the optimal rate of convergence, up to a loga-
rithmic factor. The rate in Theorem 5 is the minimax rate, as proved in Donoho [1997].
We may call parameter p a “spatial inhomogeneity parameter”, because for p > 2
it would suffice to use a regressogram with a regular partition which has a different
number of bins in each direction (to handle the anisotropicity) but to obtain the near
minimax rate for p < 2 it is required that the bin widths are locally adaptive, that is,
the partition is irregular. A regression estimate for random design regression based on
similar ideas than the Dyadic CART estimate but using piecewise polynomials was an-
alyzed for univariate data in Kohler [1999]. Figure 1(a) shows an example of a dyadic
partition.

*We define the Ly-norm by || f||2, (@) = (fQ |f ()P dx)/P.
SNotation ay, = by, for positive sequences ar,, b, means that there exists positive constants C7 and C
such that C1 < liminfy o an/bp < limsup,,_, o an/bn < Co.



Recursive Partitioning

We review popular methods for choosing a partition of a regressogram. These methods
obtain the partition by recursive splitting of the space of explanatory variables. First we
define a greedy partition and second a CART partition. Figure 1(b) shows an example
of a partition that can be either a greedy partition or a CART partition.

Greedy Partition

A greedy partition is a partition of the space of the explanatory variables which is found
by a stepwise algorithm, which recursively splits the space to finer sets. This algorithm
is called greedy, or stepwise, because we do not try to find a global minimum for the
optimization problem but find the optimizer one step at a time. Morgan and Sonquist
[1963] presented this type of algorithm, although they did not restrict themselves to
binary splits but allowed a large number of splits to be made simultaneously.

First we define the split points over which we search the best splits. The splits are made
parallel to the coordinate axes and thus we have to define a grid of possible split points
for each direction. Let us denote the sets of possible split points by

gla"'agd7 (9)

where G, C R is a finite grid of split points in direction k. A natural possibility for
choosing Gy, is to take it to be the collection of the midpoints of the coordinates of the
observations: G, = {Z¥,..., ZF_}, k =1,...,d, where ZF is the midpoint of X7

(%)
and X(kz'+1):

1
zf =5 (Xt + X))

2
where X ("’1), X (kn) is the order statistic of the kth coordinate of the observations
Xi1,...,X,. This choice of possible split points guarantees that all the cells, even at

the finest resolution level, contain observations.

When rectangle R C R is splitted through the point s € R in directionk = 1,...,d,
then we obtain sets

Rl(co,i:{(fla---,xd)ERixk§s} (10)
and
Rz(ii: (T1,...,24) € Rz > s} (11)

The split point s satisfies

s € Spx < G, N proj,(R), (12)

where proj, (R) = Ry, when R = R; X --- X Rq. We say that partition P is grown if
it is replaced by partition

Prrs=P\{R}U {R,ﬁ?g, R,g{g} , (13)
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where rectangle R € P is splitted in direction & = 1, . .., d through the point s € Sg .

A greedy partition P is one of the partitions in the sequence of partitions found by the
following procedure.

e Start with the partition {R?} and split the rectangles of the partition as long as
some rectangle contains a sufficient number of observations.

e Make splits so that the empirical risk of the corresponding regressogram is mini-
mized. The minimization is done over all rectangles in the current partition, over
all directions, and over all split points in the given rectangle and in the given
direction.

We describe the procedure more precisely in the following definition. The partition is
grown by minimizing an empirical risk of the estimator, which is typically defined as
the sum of squared errors of the estimator f.

Definition 1 Greedy Partitions A sequence of greedy partitions Py,..., Py, with
minimal observation number m > 1, is defined recursively by the following rules.

1. Start with the partition Py = { R}, where R = R

2. Assume that we have constructed partitions P1, ..., Pr, where L > 1.

(a) If all R € Py, satisfy #{X; € R} < m, then partition Py, is the final
partition.

(b) Otherwise, we construct next partition Py, ;. ., where

(R, k, §) = argmin g ;. oy z": (Yi — f(Xi,PR,k,S))Q : (14)
i=1

where

I'={(R,k,;s) : RePr, #{Xic R} >m,
k=1,...,d, SGSRJC},

SR,k is the set of split points defined in (12), PR, 1,5 is the partition defined
in(13), and f(, P) is the regressogram defined in (2).

Let .
Pe{Py,....,Pu},

be a greedy partition, where Py, ..., Py are defined in Definition 1. The greedy re-
gressogram is defined by

F=F(-7).



where f is defined in (2). We can use sample splitting to find a good partition P and
thus a good regressogram. Let n* = [n/2] and use the data (X;,Y;),7i = 1,...,n",
to construct the sequence Py, ..., Pys and the corresponding sequence of estimators
fl, e AM. Then we calculate for each estimate the sum of squared residuals using
the second part of the data:

SSR,, = Zn: (Yi—fm(Xi))Q, m=1,..., M.

i=n*+4+1

The final estimate is fy;,, where 1, = argmin,,_;  /SSRy,.

CART

CART (classification and regression tress) procedure was introduced in Breiman et al.
[1984]. In the previous section a sequence of partitions was constructed in a stepwise
manner and then one partition was selected from this sequence, using sample splitting,
to define the regressogram, CART constructs the sequence of partitions in a different
way. First a fine partition is grown with stepwise optimization and then the sequence of
partitions is found by a complexity penalized pruning. The new way of constructing the
sequence opens up the possibility for using cross validation to choose the final partition,
instead of sample splitting. Also, the complexity penalized pruning may increase the
quality of partitions in the sequence. In contrast to dyadic CART the large partition
P* is now data dependent. Otherwise the final estimate is obtained analogously as in
dyadic CART, by minimizing a complexity penalized sum of squared residuals. The
CART sequence is found by the following steps.

1. Choose a large partition P*. This partition is the largest partition ;s from the
sequence of greedy partitions defined in Definition 1.

2. Fora > 0, let

S (Vi F(xP) 4P

i=1

Po = argming —p. , (15)

where f denotes a regressogram as defined in (2). For o = 0, P, = P*, and for
large enough o, P, = {R?}. Since there are a finite number of subsets of P*,
there are a finite number of values 0 = a7 < --- < a;y such that

Pa = Pa,, wheno; < a < ayq, (16)
fori = 1,..., M, and we denote aps+1 = oo. Now P,, = P* and P,,, =
{R}.

Definition 2 CART Partitions A sequence of CART partitions P, ..., Py is defined,
with an abuse of notation, by P; = Py, @ = 1,..., M, where oy, ..., oy is defined
by (16).
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We can use cross validation to find a good partition and thus a good regressogram.
In the case of greedy partitions we had to use sample splitting, that is, twofold cross
validation, but in the case of CART partitions the penalization parameter « can be used
to connect different partitions and we can use K fold cross validation for 2 < K < n.
Let us denote by I, .. ., [k a partition of the index set {1,...,n}, where 2 < K < n.
Typically we partition observations into X = 10 subsets (ten fold cross validation)
but at most we can partition the observations to n subsets and at least to two subsets.
Observations (X;, Y;), ¢ ¢ Iy, are used to construct sequence fal,k, ey faMk’k, where
oy < - < am, ke kB =1,..., K. For each estimate in the sequence we calculate
the average of squared residuals (ASR) using (X;,Y;), ¢ € Ij:

1 . 2 .
AR5 = 3 (Yi—fa].,k(Xi)) . =1, My, k=1,...,K.

i€l

Finally we use the complete data to find a sequence fal R faM andagriday,...,ap.
We make a partition of (0, 00) = UM_, A,,, where a,,, € A,,, and estimate

. Z{SSR]k kK € Am}

ASR,,, = , , m=1,..., M.
#{, k) : ik € Am}
The final estimate is fam, where m = argmin,,,_;  ,ASR,,, .
We need two algorithms to find the sequence Py,...,Py: a growing algorithm for

growing the large partition P* and a pruning algorithm for producing the sequence
from this large partition. Both algorithms use the fact that the partitions which we
consider can be represented as binary trees, where the rectangles of the partition are
the nodes of the tree. The representation as a binary tree follows from the stepwise
splitting procedure. We take the whole space to be the root of the tree. After that, when
a node (a rectangle) is splitted, the two obtained rectangles are taken to be the child
nodes of the splitted node.

We choose P* as the largest partition 7P, from Definition 1. We can now use a faster
algorithm to obtain P* than the algorithm described in Definition 1, since this algo-
rithm uses unnecessary time to optimize the order in which the partition is grown, and
we are interested only in the final partition and not in the intermediate partitions. Thus
we can use an algorithm based on the following recursion. Let the minimal observation
number be m > 1.

1. Start with the partition P = {R%}. The rectangle R is taken to be the root node
of the initial binary tree.

2. Assume that we have constructed partition P. This partition is interpreted as a
binary tree.

(a) If all child nodes R € P satisfy #{X; € R} < m, then we finish the
splitting.



(b) Otherwise, choose a child node R € P with #{X; € R} > m. Construct
new partition PR 42> Where

(l%, §) = argming, o7 i (Yi - f(Xi,PRykys))Q ,

1=1

where I = {(k,s) : k =1,....d, s € Sgi}. Sk is the set of split
points defined in (12), Pg 1,5 is the partition defined in (13), and f(, P)is
the regressogram defined in (2). Partition P, ; . is interpreted as a binary
)

tree, where rectangle R,(;Og is the left child node of node R and rectangle

RIE:; is the right child node of node 12, where we use the notation of (13).

After growing the large partition P* we need an algorithm to find the CART sequence
of Definition 2. To solve for a given « the complexity penalized minimization problem
(15), we can use a dynamic programming algorithm which starts at the leaves of the
binary tree 7™ corresponding to P*. If ¢ is a node of 7™, denote the sum of squared
residuals associated with this node by

ssr(t) = Z (Y; - YRt)2,

: X, ERy

where R, is the rectangle associated with node ¢. Denote with Q(t) the sum of ssr(t’)
over the leafs ¢’ of the subtree T; whose root is ¢. Starting at the leaf nodes, we compare
at each node ¢ whether

Qt) + o - #T; < ssr(t) + a7

where #7} is the number of leaves in the subtree 7;. If this holds, then the subtree
whose root is ¢ should be kept, because the complexity penalized error is smaller than
obtained by making ¢ a leaf node. Otherwise, the tree is pruned at node ¢ and ¢ is made
a leaf node. The value Q(t) can be calculated during the pruning process.

To extend this idea to find the complete CART sequence and the corresponding values
aq, ..., anr, note that we have for every nonterminal node ¢ of T* that Q(t) < ssr(t).
As long as (17) holds, branch 7} has a smaller error-complexity than the single node
{t}, but at some critical value of «, the two error-complexities become equal. At
this point the subbranch {¢} is smaller than T}, has the same error-complexity, and is
therefore preferable. To find this «, solve (17) to get

_ ssr(t) = Q1)
Tyl -1
The algorithm is based on finding the “weakest links”, which are the nodes minimizing
o { SS9 ¢ is not a leaf in T},

gr(t) = IT=1

. . (18)
00, tis aleaf in T},

k=1,...,K.Lett, = argmin,.p, go(t), To = T™. Then t; is the root node and a; =
go(t1) = 0. Let T} be the subtree of T* obtained by making ¢; a leaf node. We continue
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in this way: ¢, = argmin,cq,  gr—1(t) and o, = gr—1(tx) fork = 1,...,M.° We
get a sequence where a; = 0, and for oy, < o < ay41, the corresponding partition
Pa, 1s the collection of rectangles associated with the leaf nodes of tree 77,

Cross-References

Nonparametric curve estimation, Nonparametric regression, Wavelet methods

Conclusion

Regressograms with a regular partition can have the optimal rate of conver-
gence for estimating functions in Sobolev classes with smoothness index s = 1.
Regressograms with irregular partition can have the optimal rate of conver-
gence for estimating functions in total variation classes or functions in Nikolskii
classes when the spatial inhomogeneity parameter p is smaller than two.

In the one dimensional case, when X € R, a regressogram is useful in es-
timating functions with jumps. Estimation of function with jumps is related to
change-point estimation. In the multivariate case, when X € R with d > 1,
regressogram is useful in estimating piecewise constant functions, like images
(d = 2). For high dimensional analysis recursive partition is an viable alterna-
tive in multivariate regression function estimation, because CART type proce-
dures perform implicit variable selection.
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