Density estimation with locally identically distributed data and with locally stationary data

Jussi Klemelä^∗ University of Mannheim, Department of Economics L7 3-5, 68131 Mannheim, Germany Email: klemela@rumms.uni-mannheim.de

Fax +49 621 1811931

Abstract

We consider multivariate density estimation when the assumptions of identically distributed data or stationary data are relaxed to the assumptions of locally identically distributed data or locally stationary data. Thus we assume that the distribution of the data is changing continuously as the function of time. To estimate densities nonparametrically with these local regularity conditions we need time localization in addition to the usual space localization. We define a time localized kernel estimator which estimates the density nonparametrically at any given point of time. The consistency of the time localized kernel estimator is proved, and the rates of convergence of the estimator under smoothness assumptions for the densities are given.

Mathematics Subject Classifications: 62G07 Key Words: Kernel estimation, mixing coefficients, non-parametric density estimation, time series data.

Short title: Locally identically distributed data

∗Writing of this article was financed by Deutsche Forschungsgemeinschaft under project MA1026/8-1.

1 Introduction

We assume to observe a vector time series, which is a sequence of random vectors X^1, . . . , X^T ∈ R^p, where X^i is observed earlier than X^j, when 1 ≤ i < j ≤ T. We write X^t = (X^t_1, . . . , X^t_p), t = 1, . . . , T.

We want to estimate density f_{t0} of X^{t0} at fixed point of time t_0, assuming that density f_t of random vector X^t is changing continuously and sufficiently slowly as a function of t. We call data generated by such continuously changing densities locally identically distributed. We measure the closeness of the densities with the L_2 distance.

When the data is locally identically distributed we may estimate f_{t0} with a time localized kernel estimator. The time localized kernel estimate is a moving average of localized kernels. We prove the consistency of the time localized kernel estimator, and give the rates of convergence of the estimator under smoothness assumptions for the densities.

We may also want estimate the joint distribution of consecutive observations X_{t0} , X_{t0−1}, . . . , X_{t0−k}. When the joint distribution of the vector of consecutive observations is locally identically distributed, we call the times series locally stationary. We may again apply the time localized kernel estimator.

A typical univariate non-stationary time series model which has been considered is the regression model Y_t = m(Z^t) + ϵ_t, where m is a real valued smooth regression function, Z^t are i.i.d, and ϵ_t ∈ R are i.i.d random noise. Since regression function m is assumed to be smooth, the time series is in a certain sense locally identically distributed and function m may be estimated with a moving average. A different concept of a non-stationary time series was introduced by Priestly (1965), in terms of the spectral density. Dahlhaus (1997) studied local non-stationarity in the context of the covariance evolution and developed an asymptotic theory with the help of time rescaling. Thus, locally stationary time series models has been considered both in terms of the mean and covariance. We consider more general local stationarity in terms of density functions.

Density estimation is often studied under the assumption of independent observations but this assumption is usually not satisfied in the time series setting. The assumption of independence may be relaxed to an assumption on the largeness of the β-mixing coefficients, see Viennet (1997). We make an assumption concerning the largeness of the β-mixing coefficients in the time localized setting. The assumption states that the joint distribution of nearby observations is not too far away from the product distribution, in the neighborhood of the time point t_0 whose associated density we want to estimate. We consider also the more qualitative dependence concept: negative function dependence. This condition is convenient when studying kernel estimators. When the negative function dependence holds, then the observations following each other have always negative covariance.

In Section 2 we study the problem of the estimation of the joint distribution of the components of a vector time series. Section 2.1 contains the definition of locally identically distributed data and the definition of the time localized kernel estimator. Section 2.2 contains the definitions of the dependency concepts. Section 2.3 contains the results on consistency and on the rate of convergence. In Section 3 we state the definition of locally stationary data and we apply the previous results to the estimation of the joint distribution of consecutive observations.

We denote a_T ≼ b_T when lim sup_{T→∞} a_T/b_T < ∞, that is, when a_T = O(b_T). We denote a_T = o(b_T) when lim_{T→∞} a_T/b_T = 0. We denote a_T ∼ b_T when lim_{T→∞} a_T/b_T = 1. We denote a_T ≲ b_T when lim sup_{T→∞} a_T/b_T ≤ 1. The L_q norm of a function f : R^d → R will be denoted with ‖ f ‖_q. The ith partial derivative of a function f : R^d → R is denoted by D_i f and D^α f = D^{α1}_1 · · · D^{αd}_d f , where α = (α_1, . . . , α_d) is a vector of nonnegative integers.

2 Estimation of the joint distribution of the components of a vector time series

We study the problem of estimating the density of vector X^{t0} = (X^{t0}_1 , . . . , X^{t0}_p ), for some t_0 ∈ {1, . . . , T}. We denote this density with f_{t0} : R^p → R.

2.1 Locally identically distributed observations and the time localized kernel estimator

When the observations are i.i.d, then we may apply the multivariate kernel density estimator to estimate the density of (X^1, . . . , X^1_p). However, we relax the assumption of an identical distribution to the assumption of a locally identical distribution.

Definition 1 Time series X^1, . . . , X^T ∈ R^p is locally identically distributed, with rate function r : [−1, 1] → [0, ∞), with rate o(1), at time point t_0 ∈ {1, . . . , T}, when

lim_{T→∞} 1 T T� t=1 r((t − t_0)/T) � � f_t − f_{t0} � �_2 = 0 (1) and with rate O(T^{−1/2}), when

lim sup T→∞ T^{−1/2} T� t=1 r((t − t_0)/T) � � f_t − f_{t0} � �_2 < ∞, (2)

where f_t : R^p → R, t = 1, . . . , T, is the density function of X^t.

Remark 1 To construct a consistent estimate for f_{t0} we need to assume (1) and to construct an estimate with fast rates of convergence we need to assume (2).

Remark 2 We assume typically that rate function r : [−1, 1] → [0, ∞) is symmetric with respect to the origin, has maximum at the origin, and decreases monotonically as t → ±1. Then Definition 1 says that f_t is close to f_{t0} , when t is close to t_0, and rate function r quantifies the closeness of f_t to f_{t0} .

Remark 3 We have defined a locally identically distributed time series as an asymptotic concept, as T → ∞. Time point t_0 may be chosen to depend on sample size T. For example, we may be interested in the current density of the observations and take t_0 = T.

Remark 4 We have measured the distance between distributions with the L_2 distance between the density functions of the distributions. In particular, this presupposes that the densities exist. It is natural to consider different definitions of a locally identical distribution, based on various distances between distributions.

We define the time localized kernel estimator by associating weights p_t, t = 1, . . . , T, to the observations, which replace the usual weights T^{−1}.

Definition 2 The time localized kernel estimator is defined with

f̂_T(x) = T� t=1 p_tK_h � x − X^t � , x ∈ R^p,

where h > 0 is the smoothing parameter, K_h(x) = h^{−p}K(x/h), K : R^p → R is the kernel function, and p_t ≥ 0,

�_{Tt=1} p_t = 1.

An application of the time localized kernel estimator is given in Klemelä (2004).

2.2 Dependency concepts

We will not assume that the observations are independent but consider two concepts of dependence: conditions on the largeness of the β-mixing coefficients and the negative function dependence.

2.2.1 Regular mixing coefficients

We make an assumption on the largeness of β-mixing coefficients, which are also called regular mixing coefficients. These coefficients were introduced by Kolmogorov and Rozanov (1961). Let Z, Z^′ be random vectors and let P_Z, P_Z′ be the corresponding probability measures. Let P_{Z,Z}′ be the probability measure of the joint distribution of Z, Z^′ and let P_Z ⊗ P_Z′ be the product measure of P_Z and P_Z′ . The β-mixing coefficient is defined by

β(Z, Z^′) = � �P_{Z,Z}′ − P_Z ⊗ P_Z′ � �_{tot} = sup_W � W d � P_{Z,Z}′ − P_Z ⊗ P_Z′ � , (3)

where the supremum is over all random variables 0 ≤ W ≤ 1, measurable with respect to the product sigma-algebra of the sigma-algebras generated by Z and Z^′. We denote β(Z, Z) = 1.

Assumption 1 Let r : [−1, 1] → [0, ∞) be the rate function of Definition 1. Let for t_0 ∈ {1, . . . , T},

lim sup T→∞ 1 T T� t,u=1

r((t − t_0)/T)r((u − t_0)/T)β(X^t, X^u) < ∞.

Remark 5 Assumption 1 defines a localized dependency property, since it depends on t_0 ∈ {1, . . . , T}. We will take rate function r same as in Definition 1. Thus r has typically the properties enumerated in Remark 2. We have multiplied with r((t−t_0)/T) and r((u−t_0)/T), which are small when t or u are far away from t_0, when the properties enumerated in Remark 2 hold. Thus the assumption on the smallness of β(X^t, X^u) is not so restrictive as in the case we would take r ≡ 1.

Remark 6 Let us consider the case when X^1, . . . , X^T is strictly stationary. Define b_k = β(X^t, X^{t+k}), for t = 1, . . . , T, k = 1 − t, . . . T − t. Numbers b_k do not depend on t due to the strict stationarity. We have that 1 T T� t,u=1

β(X^t, X^u) = 1 T T� t=1 T−t�

k=1−t

β(X^t, X^{t+k}) ≤ 2 ∞� k=0 b_k.

Thus the assumption

�_{∞k=0} b_k < ∞ implies Assumption 1 with rate function r as identically 1: r ≡ 1. Viennet (1997) makes the assumption

�_{∞k=0} (k + 1)^{q−2}b_k < ∞ when studying density estimation with the L_q loss.

2.2.2 Negative function dependence

We consider the assumption of a non-positive covariance in the following sense.

Assumption 2 We assume that times series X^1, . . . , X^T ∈ R^p satisfies: Cov � ψ(X^t), ψ(X^u) � ≤ 0 for 1 ≤ t � u ≤ T and for ψ ∈ L_2(R^d).

This dependence concept may be called negative function dependence. The positive function dependence is defined by Joe (1997), Section 2.1.6, who assumes identical margins. The positive function dependence is defined also by Drouet Mari and Kotz (2001), Section 3.2.4., who refer to Shaked (1977).

2.3 Results

2.3.1 Consistency

We prove the consistency of the time localized kernel estimator, for the L_2 error.

Theorem 1 Let time series X^1, . . . , X^T ∈ R^p be locally identically distributed in the sense of Definition 1, Eq. (1), with rate function r which is integrable and square integrable. Let Assumption 1 or Assumption 2 be satisfied. Assume that for all t = 1, . . . , T, ‖ f_t‖_2 ≤ C, (4)

for a positive constant C. We apply the time localized kernel estimator f̂_T defined in Definition 2, with the following parameters:

1. kernel function K satisfies ‖K‖_1 < ∞, ‖K‖_2 < ∞, � R^p K = 1, and the support

of K is included in [−1/2, 1/2]^p,

2. smoothing parameter h = h_T is such that lim_{T→∞} h_T = 0 and lim_{T→∞} Th^p_T = ∞,

3. weights p_t = p_{t,T} satisfy

lim sup T→∞ max t=1,...,T

p_t π_t

< ∞, (5)

where π_t = r((t − t_0)/T) �_{Tu=1}

r((u − t_0)/T)

, (6)

and r : [−1, 1] → [0, ∞) is the rate function as in Definition 1. Then, lim_{T→∞} E � � f_{t0} − f̂_T � �_2 = 0.

Proof. We consider first the bias and then the variance.

Bias. We have for x ∈ R^d that

E f̂_T(x) − f_{t0} (x) = T� t=1 p_t � R^p

K_h(x − y) f_t(y) dy − f_{t0} (x)

= T� t=1 p_t � R^p

K_h(x − y) f_t(y) dy − f_t(x) � + T� t=1 (p_t − π_t)( f_t(x) − f_{t0} (x))

+ T� t=1 π_t( f_t(x) − f_{t0} (x))

de f

= A_1(x) + A_2(x) + A_3(x). (7) The assumption in (4) and Lemma 1 below imply that max t=1,...,T � R^p � R^p

K_h(x − y) f_t(y) dy − f_t(x)

�_2

dx → 0

as h → 0. This and the assumption lim_{T→∞} h = 0 imply that lim_{T→∞} ‖A_1‖_2 = 0. We have, by the integrability of r, that

lim_{T→∞} max_{t=1,...,T} π_t · T �_1 −1 r r((t − t_0)/T)

= 1. (8)

Thus, applying assumption (5) on the weights,

lim sup T→∞ max t=1,...,T T r((t − t_0)/T) � �p_t − π_t � � < ∞. (9)

Thus,

‖A_2‖_2 ≤ T� t=1 |p_t − π_t| � � f_t − f_{t0} � �_2 ≼ T^{−1} T� t=1 r((t − t_0)/T) � � f_t − f_{t0} � �_2 , (10)

where we denote a_T ≼ b_T when lim sup_{T→∞} a_T/b_T < ∞. Thus, by assumption (1) of the locally identically distribution, lim_{T→∞} ‖A_2‖_2 = 0. We have

by (8) that

‖A_3‖_2 = � � � � T� t=1 π_t( f_t − f_{t0} ) � � � �_2 ∼ � � � � T^{−1} T� t=1 r((t − t_0)/T)( f_t − f_{t0} ) � � � �_2

�_1 −1 r �−1

≤ T^{−1} T� t=1 r((t − t_0)/T) � � f_t − f_{t0} � �_2

�_1 −1 r �−1 . (11)

It follows, by assumption (1) of the locally identically distribution, that lim_{T→∞} ‖A_3‖_2 = 0. We have proved that

lim_{T→∞} � �E f̂_T − f_{t0} � �_2 = 0. (12)

Variance with β-mixing. We assume that Assumption 1 holds. We gen-

eralize Theorem 2.1 of Viennet (1997) to the non-stationary case. We have for x ∈ R^p, t, u = 1, . . . , T, t � u, applying the Cauchy-Schwartz inequality, Cov � K_h(x − X^t), K_h(x − X^u) �

= � R^p×R^p

K_h(x − y)K_h(x − z) d � P_{t,u} − P_t ⊗ P_u � (y, z) ≤ � R^p×R^p

K^2_h(x − y) d � �P_{t,u} − P_t ⊗ P_u � � (y, z)

�_{1/2}

× � R^p×R^p

K^2_h(x − z) d � �P_{t,u} − P_t ⊗ P_u � � (y, z)

�_{1/2} , where P_t is the distribution of X^t, P_u is the distribution of X^u, and P_{t,u} is

the distribution of (X^t, X^u). Denote with Q^{(t)}_{t,u} the 1:st marginal distribution

of |P_{t,u} − P_t ⊗ P_u|: Q^{(t)}_{t,u}(A) = � A×R^p d � �P_{t,u} − P_t ⊗ P_u � � (y, z), and denote with Q^{(u)}_{t,u} the second marginal distribution. Denote with g^{(l)}_{t,u} : R^p → R the Radon- Nikodym density of Q^{(l)}_{t,u} with respect to P_l, l = t, u:

g^{(l)}_{t,u} = dQ^{(l)}_{t,u}

dP_l

, l = t, u.

Then we have � R^p×R^p

K^2_h(x − y) d � �P_{t,u} − P_t ⊗ P_u � � (y, z) = � R^p

K^2_h(x − y)g^{(t)}_{t,u}(y) f_t(y) dy, and � R^p×R^p

K^2_h(x − z) d � �P_{t,u} − P_t ⊗ P_u � � (y, z) = � R^p

K^2_h(x − z)g^{(u)}_{t,u} (z) f_u(z) dz.

Thus, Cov � K_h(x − X^t), K_h(x − X^u) �

≤ � R^p

K^2_h(x − y) � g^{(t)}_{t,u}(y) f_t(y) + g^{(u)}_{t,u} (y) f_u(y) � dy. We have that � R^p

g^{(t)}_{t,u} f_t = � R^p×R^p d � �P_{t,u} − P_t ⊗ P_u � � = 2 � �P_{t,u} − P_t ⊗ P_u � �_{tot} = 2β(X^t, X^u)

and also � R^p g (u) t,u f_u = 2β(X^t, X^u), where β(X^t, X^u) is defined in (3). Thus, applying Lemma 1 below, � R^p Cov � K_h(x − X^t), K_h(x − X^u) � dx ≲ h^{−p} 4 β(X^t, X^u) � R^p

K^2, (13)

where a_T ≲ b_T means that lim sup_{T→∞} a_T/b_T ≤ 1. Also, applying Lemma 1 below, � R^p Var � K_h(x − X^t) � dx ≤ � R^p dx � R^p

K^2_h(x − y) f_t(y) dy ∼ h^{−p} � R^p

K^2, (14)

as T → ∞. Thus, � R^p

Var( f̂_T) = T� t,u=1

p_tp_u � R^p Cov � K_h(x − X^t), K_h(x − X^u) � dx

≼ h^{−p} T� t,u=1

p_tp_uβ(X^t, X^u) (15)

≼ h^{−p} T� t,u=1

π_tπ_uβ(X^t, X^u) (16)

∼ (Th^p)^{−1}

�_1 −1 r �−2

× T^{−1} T� t,u=1

r((t − t_0)/T)r((u − t_0)/T)β(X^t, X^u). (17)

In (15) we applied (13) and (14). In (16) we applied assumption (5) on the weights. In (17) we applied (8). Thus Assumption 1 on the β-mixing coefficients and the assumption lim_{T→∞} Th^p = ∞ imply � R^p

Var( f̂_T) = O � (Th^p)^{−1} � = o(1), (18)

as T → ∞.

Variance with the negative function dependence. We assume that Assumption 2 holds. For the variance we have, for x ∈ R^d,

Var( f̂_T(x)) = T� t,u=1

p_tp_uCov � K_h(x − X^t), K_h(x − X^u) �

≤ T� t=1 p^2_t Var � K_h(x − X^t) � (19)

≤ T� t=1 p^2_t � R^p

K^2_h(x − y) f_t(y) dy,

where in (19) we applied Assumption 2. Thus, � R^p

Var( f̂_T) ≲ h^{−p} � R^p

K^2 T� t=1 p^2_t (20)

≼ h^{−p} T� t=1 π^2_t (21)

∼ (h^pT)^{−1}

�_1 −1 r �−2 �_1 −1 r^2 (22)

= o(1), (23) as T → ∞. In (20) we applied Lemma 1 below. In (21) we applied assumption (5) on the weights. In (22) we applied (8) and the square integrability of r. In (23) we applied the assumption lim_{T→∞} Th^p = ∞.

Collecting the results. The theorem follows from (12) and from (18) or (23). □ We have applied the following lemma, whose proof may be found for example from Stein (1970).

Lemma 1 Let f : R^p → R, ‖ f ‖_1 < ∞ and ‖ f ‖_q < ∞ for some q ∈ [1, ∞). Let K : R^p → R have compact support and ‖K‖_1 < ∞. Then

lim_{h→0} � R^p � � � � R^p

K_h(x − y) f (y) dy − f (x) � R^p |K| � � � q dx = 0,

where K_h(x) = h^{−p}K(x/h).

Remark 7 Taking into account (8), we may note that assumption (5) on the weights p_t follows from

lim sup T→∞ max t=1,...,T T r((t − t_0)/T) p_t < ∞,

for each t = 1, . . . , T,

2.3.2 Rates of convergence

We derive also the rates of convergence of the time localized kernel estimator.

Theorem 2 Let time series X^1, . . . , X^T ∈ R^p be locally identically distributed in the sense of Definition 1, Eq. (2), with rate function r which is integrable and square integrable. Let Assumption 1 or Assumption 2 be satisfied. Assume that for all t = 1, . . . , T, for integer s ≥ 1, density f_t is s times continuously differentiable and for |α| = s, � �Dα f_t�_2 ≤ C, (24)

for a positive constant C, where α = (α_1, . . . , α_p) is a multi-index and we denote |α| = α_1 + · · · + α_p. We apply the time localized density estimator f̂_T defined in Definition 2, with the following parameters:

1. kernel function K : R^d → R satisfies ‖K‖_1 < ∞, ‖K‖_2 < ∞, � R^d K = 1,

the support of K is included in [−1/2, 1/2]^p, � R^d x

αK(x) dx = 0, for |α| = 1, . . . , s − 1, � R^p |x

α||K(x)| dx < ∞, for |α| = s.

2. smoothing parameter is h = h_T = C_hT^{−1/(2s+p)}, for a positive constant C_h,

3. weights p_t, t = 1, . . . , T, satisfy (5).

Then, lim_{T→∞} T^{2s/(2s+d)}E � � f_{t0} − f̂_T � �^2 < ∞.

Proof. We have for the bias that � �E f̂_T − f_{t0} � �^2 = O � h^{2s} + T^{−1} � , as T → ∞. Indeed, by the Taylor expansion we get � R^p

K(z)( f_t(x + hz) − f_t(x)) dz = h^s � |α|=s 1 α! � R^p

z^αK(z)D^α f_t(x + ξ_αhz) dz

where 0 < ξ_α < 1, and thus assumption (24) implies ‖A_1‖^2 = O(h^{2s}), where A_1 is defined in (7). Then we combine (10) and (11) with assumption (2), to get ‖A_2‖^2 + ‖A_3‖^2 = O(T^{−1}). Similarily as in the proof of Theorem 1 we have that �

R^p

Var( f̂_T) = O � T^{−1}h^{−p} � , as T → ∞. The theorem follows by the choice of h = C_hT^{−1/(2s+p)}. □

3 Estimation of the joint distribution of consecutive observations

We call time series X^1, . . . , X^T ∈ R^p (strongly, strictly) stationary when for all 1 ≤ i_1 < · · · < i_l ≤ T − 1, k = 1, . . . , T − i_l,

(X^{i1} , . . . , X^{il} ) and (X^{i1+k}, . . . , X^{il+k}) are identically distributed.

When the time series is stationary, then we may apply the multivariate ((l + 1) · p)-dimensional) kernel density estimator to estimate the joint distribution of Y^1 = � X^1, X^{1+k1} , . . . , X^{1+k1+···+kl} � where k_i ≥ 1, 1 + k_1 + · · · + k_l ≤ T. Note that we now interpret X^t ∈ R^p as a row vector. However, we want to weaken the assumption of stationarity to the assumption of local stationarity. Denote |k| = k_1 + · · · + k_l. We create data matrix A = � � � � � �

X^1 X^{1+k1} · · · X^{1+|k|} X^2 X^{2+k1} · · · X^{2+|k|} . . . . . . X^{T−|k|} X^{T−|k|+k1} · · · X^T

� � � � � � .

Data matrix A is of dimension n × d, where

n = T − |k|, d = (l + 1) · p.

Denote with

Y^i = (X^i, X^{i+k1} , . . . , X^{i+|k|}) ∈ R^d, i = 1, . . . , n, (25)

the i:th row of matrix A.

The local stationarity will be defined to mean that time series Y^1, . . . , Y^n is locally identically distributed. When a time series is locally stationary we may apply the time localized kernel estimator to estimate the density of Y^{t0} , t_0 ∈ {1, . . . , n}.

Definition 3 Time series X^1, . . . , X^T ∈ R^p is locally stationary, with shifting steps k_1, . . . , k_l, with rate function r : [−1, 1] → [0, ∞), with rate o(1) or O(T^{−1/2}), at time point t_0 ∈ {1, . . . , T − |k|}, when time series (Y^1, . . . , Y^n), defined with (25), is locally identically distributed with rate function r, rate o(1) or O(T^{−1/2}), and time point t_0, as defined in Definition 1.

We state the consistency and the rates of convergence of the time localized kernel estimator.

Theorem 3 Let time series X^1, . . . , X^T ∈ R^p be locally stationary in the sense of Definition 3 and assume that time series Y^1, . . . , Y^n defined with (25) satisfies also the other assumptions of Theorem 1 and Theorem 2. Then the corresponding time localized kernel estimator satisfies the statements of Theorem 1 and Theorem 2.

Theorem 3 is basically a restatement of Theorem 1 and Theorem 2, and thus it needs not to be proved.

References

Dahlhaus, R. (1997), ‘Fitting time series models to nonstationary processes’, Ann. Statist. 25, 1–37.

Drouet Mari, D. and Kotz, S. (2001), Correlation and Dependence, Imperial College Press.

Joe, H. (1997), Multivariate Models and Dependence Concepts, Chapman & Hall.

Klemelä, J. (2004), ‘Visualization of multivariate density estimates with shape trees’. Submitted.

*http://www.rni.helsinki.fi/~jsk/ps/unimod.ps.gz

Kolmogorov, A. N. and Rozanov, Y. A. (1961), ‘On the strong mixing conditions for stationary gaussian sequencies’, Theory Probab. Appl. 5, 204– 207.

Priestly, M. B. (1965), ‘Evolutionary spectra and non-stationary processes’, J. Roy. Statist. Soc. Ser. B 27, 204–237.

Shaked, M. (1977), ‘A concept of positive dependence for exchangeable variables’, Ann. Statist. 5, 105–115.

Stein, E. M. (1970), Singular Integrals and Differentiability Properties of Functions, Princeton University Press, Princeton, New Jersey.

Viennet, G. (1997), ‘Inequalities for absolutely regular sequences: application to density estimation’, Probab. Theory Relat. Fields 107, 467–492.

A Proof of Lemma 1

Denote f ∗ K_h(x) = � R^p Kh(x − y) f (y) dy. We have for x ∈ R

p that

f ∗ K_h(x) − f (x) � R^p K = � R^p

K(z) � f (x + hz) − f (x) � dz. Thus � � � f ∗ K^h − f � R^p K � � �_q ≤ sup z∈supp(K) � � f (· + hz) − f � �_q � R^p

|K|,

where supp(K) is the support of K. When f is continuous then the claim holds by the dominated convergence theorem. The claim holds for all f ∈ L_q(R^d) because continuous functions are dense in the set of such functions with respect to the L_q-norm. We have proved the lemma.