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Part I: Empirical risk minimization in the direct case

• We observe X1, . . . , Xn ∈ Rd which are i.i.d. with density f . We want to estimate
f : Rd → R.

• Estimator f̂ is chosen to minimize empirical risk γn( f̂ ) over f̂ ∈ C.

• log-likelihood empirical risk:

γn( f̂ ) = −
1
n

n∑
i=1

log f̂ (Xi)

• L2 empirical risk:

γn( f̂ ) =
1
n

n∑
i=1

(
−2 f̂ (Xi) + ‖ f̂ ‖22

)
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Empirical risk minimization without regularization
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L2 empirical risk

• L2 empirical risk:

γn( f̂ ) =
1
n

n∑
i=1

(
−2 f̂ (Xi) + ‖ f̂ ‖22

)
.

• We have

‖ f̂ − f ‖22 − ‖ f ‖
2
2 = −2

∫
Rd

f f̂ + ‖ f̂ ‖22

≈ −
2
n

n∑
i=1

f̂ (Xi) + ‖ f̂ ‖22

= γn

(
f̂
)
.
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Dense minimizer and δ-net minimizer

• Dense minimizer

– Dense minimizer f̂ is a minimizer of the empirical risk over F , up to ε > 0:

γn( f̂ ) ≤ infg∈Fγn(g) + ε.

• δ-net minimizer

– Let Fδ be a finite δ-net of F : for each f ∈ F there is φ ∈ Fδ such that
‖ f − φ‖2 ≤ δ.

– Define the δ-net estimator f̂ by

f̂ = argminφ∈Fδγn(φ).
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Remark: Complexity penalization

The classical Sobolev space/spline case:

• Dense minimizer minimizes

γn(g) over g ∈ F = {g : ‖g′′‖2 ≤ L}.

• This is equivalent to minimizing

γn(g) + α · ‖g′′‖22 over g.
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Bounds for the mean integrated squared error

• Upper bound for the dense minimizer:
Define the entropy integral G(ψ) =

∫ ψ

0

√
loge(#Fδ) dδ.

Let ψn be such that ψ2
n ≥ C′ n−1/2G(ψn), for a positive constant C′.

For f ∈ F ,
E

∥∥∥ f̂ − f
∥∥∥2

2 ≤ C
(
ψ2

n + ε
)
,

for a positive constant C.

• Upper bound for the δ-net estimator: For f ∈ F ,

E
∥∥∥ f̂ − f

∥∥∥2
2 ≤ C1δ

2 + C2
loge(#Fδ) + 1

n
,

where C1,C2 are positive constants.
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Empirical risk minimization

One may minimize the empirical risk over

• smoothness classes,

• classes defined by structural restrictions,

• parametric, semiparametric restrictions.
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Part II: Statistical inverse problems: density estimation

• Direct case: we observe X1, . . . , Xn ∈ Rd which are i.i.d. with density f .
We want to estimate f : Rd → R.

• Inverse case: we observe Y1, . . . ,Yn ∈ Y which are i.i.d. with density Ag.
We want to estimate function g : Rd → R.
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Example I: Deconvolution

• Let A be the convolution operator:

(Ag)(x) = (K ∗ g)(x) =

∫
K(x − y)g(y) dy

for some function K.

• If Y1, . . . ,Yn ∼ Ag, then we may write

Yi = Xi + εi,

where Xi ∼ g, εi ∼ K, and εi y Xi.
The observations Xi are contaminated with measurements errors.
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Example II: Tomography
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Example II: Tomography

The sample space of lines is identified with Y = S d × [0,∞), since lines may be
written as Ps,u = {z ∈ Rd : zT s = u}, where s ∈ S d = {x ∈ Rd : ‖s‖ = 1}, u ≥ 0.
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Example II: Tomography

• Let us define Ag : S d × [0,∞)→ R,
where g : Rd → R is the underlying density.

• Let (S ,U) ∼ Ag. The basic observation is that

fU | S =s(u) =

∫
Ps,u

g,

where Ps,u = {z ∈ Rd : zT s = u}, s ∈ S d, u ≥ 0.
In addition, S ∼ Unif(S d).

• Now (Ag)(s, u) = fS (s) · fU | S =s(u) = 1
µ(S d)

∫
Ps,u

g.

• The Radon transform of g : Rd → R is (Rg)(s, u) =
∫

Ps,u
g.
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Example III: Estimation of the derivative

Let

(Ag)(t) =

∫ t

−∞

g(u) du.

Let X1, . . . , Xn be i.i.d. with density f = Ag. We have

g(t) = f ′(t).
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Inverse problems of applied mathematics

• We want to find g : Rd → R which satisfies

Ag = y

for a given y.

• Sampling operator: Ag = (g(x1), . . . , g(xn)). Now g is not uniquely determined.

• Convolution operator: Ag = K ∗ g = y.

– If F(K)(ω) > 0 for all ω, then g is uniquely determined: We have F(K ∗ g) =

F(K) · F(g) and thus g = F−1(F(y)/F(K)).
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Well posed inverse problems

An inverse problem is well-posed, when

1. the solution exists

2. it is unique

3. it is stable: it depends continuously on data:
A−1 has to be continuous.

16



Part III: Can inverse problems be solved with empirical risk
minimization?

• Direct case: we observe X1, . . . , Xn ∈ Rd which are i.i.d. with density f .
We want to estimate f : Rd → R.

• Inverse case: we observe Y1, . . . ,Yn ∈ Y which are i.i.d. with density Ag.
We want to estimate function g : Rd → R.
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A classical solution

Find ĝ minimizing
γn(Aĝ) + α · D(ĝ),

where

γn(Aĝ) = −
1
n

n∑
i=1

log(Aĝ)(Yi)

and D(g) is a penalization.
For example, D(g) = ‖g′′‖22.
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A new solution

Define the L2 empirical risk by

γn(g) =
1
n

n∑
i=1

(
−2(Qg)(Yi) + ‖g‖22

)
,

where Q is the adjoint of the inverse of A:∫
Rd

(A−1h)g =

∫
Y

h(Qg),

for h ∈ L2(Y), g ∈ L2(Rd).
Remember the direct case: γn(g) = 1

n
∑n

i=1

(
−2g(Xi) + ‖g‖22

)
.
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L2 empirical risk; motivation

The L2 empirical risk:

γn(ĝ) = n−1
n∑

i=1

(
−2(Qĝ)(Yi) + ‖ĝ‖22

)
.

Now,

‖ĝ − g‖22 − ‖g‖
2
2 = −2

∫
Rd

gĝ + ‖ĝ‖22 = −2
∫

Rd
(A−1Ag)ĝ + ‖ĝ‖22

= −2
∫

Y
(Ag)(Qĝ) + ‖ĝ‖22 ≈ −

2
n

n∑
i=1

(Qĝ)(Yi) + ‖ĝ‖22

= γn (ĝ) .

20



Dense minimizer and δ-net minimizer

• Dense minimizer

– Define the dense minimizer ĝ as a minimizer of the empirical risk over F , up
to ε > 0:

γn(ĝ) ≤ infh∈Fγn(h) + ε.

• δ-net minimizer

– Let Fδ be a δ-net of F : for each g ∈ F there is φ ∈ Fδ such that ‖g−φ‖2 ≤ δ.

– Define the δ-net estimator ĝ by

ĝ = argminφ∈Fδγn(φ).
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γn(ĝ) ≤ infh∈Fγn(h) + ε.

• δ-net minimizer

– Let Fδ be a δ-net of F : for each g ∈ F there is φ ∈ Fδ such that ‖g−φ‖2 ≤ δ.

– Define the δ-net estimator ĝ by
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Bounds for the mean integrated squared error
• Upper bound for dense minimizer: Define the operator norm

Tδ = max
φ,φ′∈Fδ,φ,φ′

‖Q(φ − φ′)‖2
‖φ − φ′‖2

, δ > 0.

Define the entropy integral G(ψ) =
∫ ψ

0 Tδ
√

loge(#Fδ) dδ.
Let ψn be such that ψ2

n ≥ C′ n−1/2G(ψn), for a positive constant C′.
For g ∈ F ,

E ‖ĝ − g‖22 ≤ C
(
ψ2

n + ε
)
,

for a positive constant C.

• Upper bound for δ-net estimator: For g ∈ F ,

E ‖ĝ − g‖22 ≤ C1δ
2 + C2

T 2
δ · (loge(#Fδ) + 1)

n
.
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E ‖ĝ − g‖22 ≤ C1δ
2 + C2

T 2
δ · (loge(#Fδ) + 1)

n
.

22



Universal rate formula

• The minimax rate ψn over F is the solution to the equation

nψ2
n = T 2

ψn
log #Fψn,

where

– Fδ is a minimal δ-net of F
(for each f ∈ F there is φ ∈ Fδ such that ‖ f − φ‖2 ≤ δ)

– and Tδ is the operator norm

Tδ = max
φ,φ′∈Fδ,φ,φ′

‖Q(φ − φ′)‖2
‖φ − φ′‖2

, δ > 0.
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Examples of MISE bounds

• Let log(#Fδ) � δ−b and Tδ � δ−a.
For a smoothness class with smoothness index s we have b = d/s.

• Universal rate formula:

nψ2
n = T 2

ψn
log(#Fψn)⇔ ψn = n−1/[2(a+1)+b].

• For the dense minimizer: G(ψ) �
∫ ψ

0 δ−a−b/2 dδ � ψ−a−b/2+1 when a + b/2 < 1.
The rate is given by

ψ2
n = n−1/2G(ψn)⇔ ψn = n−1/[2(a+1)+b].
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Examples of Q (adjoint of the inverse of A)

• Deconvolution: Let Ag = K ∗ g. Then Qg = F−1(Fg/FK).

• Radon transform: Let (Ag)(s, u) =
∫

Ps,u
g. Then

(Qg)(s, u) = C · (F−1
1 Isg)(u),

where Isg(t) = (Fg)(ts), for s ∈ S d, t ∈ [0,∞).
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An alternative I: Singular value decomposition

Let Φ be the basis consisting of eigenfunctions of operator A∗A (A∗ is the adjoint
operator to the operator A).
The singular value decomposition estimator is defined by

ĝ(x) =
∑
φ∈Φn

γ−1
φ ψ̂φ,nφ(x),

where Φn ⊂ Φ is finite,
γ2
φ is the eigenvalue corresponding to φ: A∗Aφ = γ2

φφ,

ψ̂φ,n
de f
=

1
n

n∑
i=1

ψφ(Yi) ≈< Ag, ψφ >,

ψφ = Aφ/‖Aφ‖2.

26



Motivation of the singular value decomposition estimator
Let Φ be the basis consisting of eigenfunctions of operator A∗A. Denote with γ2

φ

the eigenvalue corresponding to φ: A∗Aφ = γ2
φφ, (A∗A)−1φ = γ−2

φ φ.
Denote ψφ = Aφ/‖Aφ‖2. We may write

g =
∑
φ∈Φ

< g, φ > φ =
∑
φ∈Φ

< (A∗A)−1A∗Ag, φ > φ

=
∑
φ∈Φ

γ−2
φ < A∗Ag, φ > φ =

∑
φ∈Φ

γ−2
φ < Ag, Aφ > φ

=
∑
φ∈Φ

γ−1
φ < Ag, ψφ > φ,

where we used the fact

‖Aφ‖22 =< Aφ, Aφ >=< φ, A∗Aφ >= γ2
φ‖φ‖

2
2 = γ2

φ.
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An alternative II: Wavelet-vaguelette decomposition

The wavelet-vaguelette estimator is defined by

ĝ(x) =
∑
φ∈Φn

β−1
φ ûφ,nφ(x),

where Φn ⊂ Φ,
Φ is a wavelet basis,

ûφ,n
de f
=

1
n

n∑
i=1

uφ(Yi) ≈< Ag, uφ >,

uφ satisfies
A∗uφ = βφφ.
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Motivation of the wavelet-vaguelette estimator

Let Φ be a wavelet basis. Let uφ satisfy

A∗uφ = βφφ.

We may write

g =
∑
φ∈Φ

< g, φ > φ

=
∑
φ∈Φ

< g, A∗uφ > β−1
φ φ

=
∑
φ∈Φ

< Ag, uφ > β−1
φ φ.
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Summary

• L2 empirical risk may be used to solve statistical inverse problems

• estimators are adapted to the underlying function

• a comprehensive mathematical analysis of the behavior of the estimators is
possible
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